Stress-Strain Equation
Plane Stress and Plane Strain

Equations



The stiffness and compliance tensors | edit]

For hyperelastic materials, the stress and strain of 2 linear elastic material are such that one can be derived from  stored energy potential function of the other (also called a strain
energy density function). Therefore, we can define an elastic material to be one which safisfies
due) duw
g=—— o 0=—
de e
where w is the strain energy density function.
If the material, in addition to being elastic, also has a linear stress-strain relation then we can write
g=C:¢e or Ugj=q,u£k1

The quantity C is called the stiffness tensor or the elasticity tensor



Therefore, the strain energy density funclion has the form (this formis called a quadratic form)
1 1
wle)=-e:Cre=-Cejen
2 2
Clearly, the elasficity tensor has 81 components (hink of a § x 9 mairix because the stresses and strains have nine components each). However, the symmetries of the stress tensor
implies that
Gijn = Ciin
This reduces the number independent components of Ciﬁﬂ 054 (5 components for the ¢ term and 3 each for the k, L ferms.
Similarly, using the symmetry of the sirain tensor we can show that
Cij = Cign

These are called the minor symmetrias of the elasticiy tensor and we are then left with only 35 componens that are independen.



Since the sirain eneray function should notchange when we nterchange £ and Kl inthe quadraicform, we must have

Cig = Oy
This reduces the number of independent constants o 21 (hink of 2 symmetric 6 x 6 matri). These are called the major symmetries of t sffness tensor.
The inverse refation Detween the strain and the siress can be defermined by faking the inverse of stress-sirain refation to get

e=3i0 o gi=Soy

where § s the compliance tensor. The compliance tensor aso has 21 components and the same symmetries & te sffness tensor



Voigt notation

To express the general stress-strain relation for a linear elastic material in
terms of matrices we use what is called the Voigt notation.

In this notation, the stress and strain are expressed as column vectors and the
elasticity tensor is expressed as a symmetric matrix as shown below.
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The inverse relation is
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e=So
We can show that
s=c!
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Isotropic materials | edit]

We have already seen the matrix form of the stress-strain equation for isotropic linear elastic materials. In this case the stifiness tensor has only two independent components
because every plane s a plane of efastic symmetry. In direct tensor notation

C=)g142pl

where A and s are the elastic constants that we defined before, 1 is the second-order identity tensor, and | is the symmetric fourth-order identity tensor. In index notation

1
Cijw =0 b +2p E(Jik B+ 0 )



One could alternatively express this equation in terms of:

e the Young's modulus () and the Poisson's ratio () or
e interms of the bulk modulus () and the shear modulus () or
e any other combination of two independent elastic parameters.



In Voigt notation the expression for the stress-strain law for isotropic materials can be written as

on Cn Cn Cn 0 0 0 1
022 Ciz Cn Cr 0 0 0 22
g38:] .- . Clz Clz Cn 0 0 0 £33
093 - 0 0 0 (Cu - Clz)/z 0 0 2 €93
31 0 0 0 0 (Cu o= Clg)/2 0 2 €31
O12 0 0 0 0 0 (Cu - Clz)/z 2 €12
where
E(1-v) Ev E
11 12 i (Cn—Cn)2=———=p.

N (1+v)(1-2v) : - (1+v)(1-2v) 2(1+v)



The Voigt form of the strain-stress relation can be written as

en Su S Sw 0 0 0 o
€22 Si2 Su Si 0 0 0 T
ess | _ Si2 Si2 Sn 0 0 0 o33
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where
1 2(1+v) 1
311=E;512=— i 2(81 —Si2)= 7 =;-



The relations between various moduli are shown in the table below:
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In matrix form, Hooke's law for isotropic materials can be written as
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where ;= 281}- is the engineering shear strain. The inverse relation may be written as
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§5.5.2. Stress-To-Strain Relations

To get stresses if the strains are given, the most expedient method is to invert the mafrix equation
(5.16). This gives

Oex E(—v) Ev Ev 0 0 0 €xx
oy Ev E(l—v) Ev 0O 0 0 €y
o | Ev Ev E(l—-v) 0 0 0 €z (5.17)
Ty | 0 0 0 G 0 0 = '
Ty 0 0 0 0 G 0 Vyz
Toy 0 0 0 0 0 G Vex
Here £ is an “effective” modulus modified by Poisson’s ratio:
- E
E= B (5.18)

(I=2v)(1+v)
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Material

Isotropic upper limit [1]
Rubber [6]

Indium [11]

Gold [4]

Lead [4]

Copper [7]
Aluminum [4]
Copper [4]
Polystyrene [6]
Brass [1]

Ice [8]

Polystyrene foam [6]
Stainless Steel [7]
Steel [1]

Tungsten [4]
Tungsten

Fused quartz [9]
Boron [12]
Beryllium [4]
Re-entrant foam [10]
Isotropic lower limit [1]

Poisson's ratio
0.5
0.48-~05
0.45
0.42
0.44
0.37
0.34
0.35
0.34
0.33
0.33
0.3
0.30
0.29
0.30
0.28
0.17
0.08
0.03
-0.7
-1
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Plane Stress and Plane Strain




The two-dimensional element is extremely important for:

(1) Plane stress analysis, which includes problems such
as plates with holes, fillets, or other changes in
geometry that are loaded in their plane resulting in local
stress concentrations.




(2) Plane strain analysis, which includes problems such
as a long underground box culvert subjected to a
uniform load acting constantly over its length or a long
cylindrical control rod subjected to a load that remains
constant over the rod length (or depth).




Plane Stress

Plane stress is defined to be a state of stress in which the
normal stress and the shear stresses directed
perpendicular to the plane are assumed to be zero.

That is, the normal stress o, and the shear stresses 7,, and 7,
are assumed to be zero.

Generally, members that are thin (those with a small z
dimension compared to the in-plane x and y dimensions) and
whose loads act only in the x-y plane can be considered to be
under plane stress.



Plane Strain Equations




Plane Strain

Plane strain is defined to be a state of strain in which the
strain normal to the x-y plane &, and the shear strains y,,
and y,, are assumed to be zero.

The assumptions of plane strain are realistic for long bodies
(say, in the z direction) with constant cross-sectional area
subjected to loads that act only in the x and/or y directions and
do not vary in the z direction.




Two-Dimensional State of Stress and Strain

For plane stress, the stresses o, 7,,, and 7, are assumed to
be zero. The stress-strain relationship is:

o, 1 v 0 £,

10, :1_112 vo1 0 &,

Ty 0 0 05(1-v)||r,y

-crx' J-gx l 1 v 0

10, :[D]- &, ¢ [D]:‘I v 1 0
_l!

Ty 1}@,{ 0 0 0.5(1-v)

is called the stress-strain matrix (or the constitutive matrix),
E is the modulus of elasticity, and v is Poisson’s ratio.




Two-Dimensional State of Stress and Strain

For plane strain, the strains ¢, 7, and y,, are assumed to be
zero. The stress-strain relationship is:

o, £ 1-v v 0 a—:x'
o, :(1+ 1—2) v 1-v 0 g,
V —2v

Ty 0 0 035-v]ly,

.Gx 'gx- £ 1-v v 0
10, :[D]« e, r [D]l= v 1-v 0

1+v)(1-2v
.rx}'_ _}/x}’_[ ( _H/)( L) 0 0 0.5-v

is called the stress-strain matrix (or the constitutive matrix),
E is the modulus of elasticity, and vis Poisson’s ratio.




The limits of Poisson’s ratio for isotropic solids possess fundamental signifi-
cance. Shape is preserved at the lower limit of v = —1 (applicable for both 3D and
2D). Volume is preserved at the upper limit v = 1/2 (for 3D) while area is preserved
at the upper limit of v = 1 (for 2D). It is now of interest, though not in a practical
sense, to present the bounds of Poisson’s ratio under 1D, 2D and 3D analyses as

d=1
d=2 (3.2.17)
d=3

whereby ¢ = 1, 2, 3 refer to the number of dimensions. Of course the so-called
“bound” for ¢ = 1 is not a bound but this has been included for the sake of
completeness. Alternatively, the bounds for 2D and 3D can be combined to give

d=1

0:
l<v< b d=23 (3.2.18)



In addition to the Poisson’s ratio bounds based on 3D analysis, it is possible to
obtain the Poisson’s ratio bounds for 2D. The upper bound of Poisson’s ratio for 2D
case can be performed either on the basis of plane strain or plane stress. In addition
to 6 = —p: (i=j) and o = 0: (i # j) for hydrostatic pressure, the plane strain
condition requires that ¢33 = 0. Of course the plane strain condition also implies
¢35 = e31 = 0 but these have no effect on our calculation. From Hooke’s Law in 2D,

el = exn X%(V* 1). (3.2.13)

Since ey = e < 0 due to the hydrostatic pressure and E > 0, we have v — 1 <0
or

p< 1 (3.2.14)



As before, the imposition of e¢;; = ¢2> < 0 arising from hydrostatic pressure and
E = 0 leads to Eq. (3.2.14). Whether by plane strain (¢33 = 0) or by plane stress
(33 = 0), the strain energy for 2D analysis is common

P’
UXE“_F) (3.2.16)

because G33e33 = 0 for both cases under hydrostatic pressure. On the basis of U 2 0
and £ = 0, Eq. (3.2.14) is recovered for 2D analysis. Practically, the assumption of
plane strain is more plausible since it is not possible to impose plane stress con-
dition under hydrostatic pressure. The lower limit for the Poisson’s ratio in 2D
analysis is similar to that of 3D, because the condition of simple shear has only one
stress component a,3 = 7 regardless of 3D or 2D analyses.






